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Tori biyu na iya raba local geometry iri ɗaya amma
har yanzu su zama siffofi daban

Wata construction a Publications mathematiques de l’IHES ta ba da compact Bonnet pairs na farko:
smooth, real-analytic tori biyu a sararin dimensions uku da ke da intrinsic metric da mean curvature
iri ɗaya a corresponding points, amma ba siffa ɗaya ba ne har zuwa rigid motion. Sakamakon ya rufe
tsoffin tambayoyin uniqueness a surface geometry kuma counterexample ne mai tsabta ga tunanin cewa
isassun local measurements dole su uniquely gane compact shape.
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Siffar da ta ƙi a gane ta da cikakken tabbaci

Ka yi tunanin kana auna wani surface ba tare da an ba ka damar fita daga kansa ba. Za ka iya auna nisan da ke
tsakanin maki biyu yayin da kake tafiya a kan surface ɗin kansa. Wannan shi nemetric na surface. Yanzu ka ƙara
wani ma’auni daga waje: a kowane wuri, ka rubuta matsakaicin lanƙwasawar surface, watomean curvature.

Wannan yana kama da bayanai masu yawa. Ga surfaces da yawa, hakan ya isa. Idan ka san intrinsic distances da
mean-curvature function, za ka iya tsammanin siffar a sararin samaniya mai dimensions uku ta riga ta kulle.

Alexander Bobenko, Tim Hoffmann da Andrew Sageman-Furnas sun gina compact surfaces da suka karya wannan
tsammani. Takardarsu ta ba da tori biyu — surfaces masu kama da doughnut, amma ba doughnuts masu zagaye
na al’ada ba — waɗanda suke isometric kuma suna da mean curvature iri ɗaya a corresponding points, amma ba
congruent ba. Ba za ka iya juya ɗaya, matsar da shi ko madubi ka samu ɗayan ba. Immersions ne daban na gaske
a sarari.

A harshen fannin, su ne compact Bonnet pairs. Takardar ta kira su misalai na farko irin wannan.

Menene matsalar?

Classical surface theory tana raba bayanai gida biyu.

Metric yana faɗa maka nisan da ake auna a kan surface. Takarda mai lebur idan aka naɗe ta ta zama cylinder tana
riƙe intrinsic metric ɗinta: ƙaramar tururuwa da ke tafiya a kai ba za ta gane an naɗe takardar ba idan tana auna nisa
kaɗai. Full na biyu fundamental form kuwa yana ba da ƙarin bayani sosai game da yadda surface ke lanƙwasawa a
sarari. Classical Bonnet theorem ya ce idan metric da cikakken bayanin bending suna cika compatibility equations
da suka dace, immersion ɗin yana ƙayyadaddu har zuwa rigid motion.

Amma a 1867, Pierre Ossian Bonnet ya yi tambaya mafi kaifi. Me zai faru idan an rage bayanin bending? Tun
da metric tuni yana ƙayyade Gaussian curvature a intrinsic way, shin surface zai iya ƙayyadewa da metric tare da
mean-curvature function kawai?

A generic case, amsar eh ce. Wannan kalma tana da muhimmanci. Geometry tana da exceptional cases: surfaces
na musamman inda uniqueness statement da aka saba da shi bai aiki ba. Tambayar da ta rage ita ce ko akwai
compact smooth examples inda metric da mean curvature suka yi daidai amma surfaces ɗin ba iri ɗaya ba ne a
sarari.

Wannan shi ne Global Bonnet Problem. Sabuwar takardar ta ba da amsa da tori.

Abin da marubutan suka gina

Marubutan sun gina smooth tori biyu a R3 waɗanda mean-curvature-preserving isometry ke haɗa su. Wannan yana
nufin corresponding points suna da intrinsic distances iri ɗaya a kewaye da su da mean-curvature value iri ɗaya,
amma surfaces ɗin ba congruent ba ne.
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Construction ɗin ya wuce curiosité na lamba ɗaya. Tori ɗin real analytic ne — suna da regularity irin na power-
series geometry, ba patched objects masu roughness ba— kuma marubutan sun tabbatar cewa a generic case babu
ambient isometry da ke haɗa examples ɗin. Sun kuma ce construction ɗin yana ba da uncountably many irin
waɗannan pairs saboda akwai functional parameter a ciki.

Hanyar technical ce. Tana amfani da alaƙar Bonnet pairs da isothermic surfaces, wato surfaces da ke da curvature-
line coordinates na musamman. Examples ɗin suna fitowa ne daga isothermic tori da ke da family ɗaya na planar
curvature lines, sannan a yi construction da ke samar da Bonnet pair. Marubutan sun ce hanyar ta taso daga
computational gwaje-gwaje da 5×7 quad decomposition na torus, inda discrete differential geometry ta jagorance
su zuwa smooth sakamako.

Hoton sakamakon ya fi proof ɗin sauƙin fahimta. Tori biyu a takardar suna da geometric bayanai masu dacewa
amma global placement ɗinsu ya bambanta a fili: a Figure 1 na marubutan, manyan “bubbles” masu corresponding
suna kusa da juna a torus ɗaya fiye da ɗayan. Wannan bambancin da ido ke gani ba zane ne kawai ba. Theorem
ɗin ya ce surfaces ɗin ba siffa ɗaya ba ce a sarari duk da cewa selected local bayanai ɗinsu ya yi daidai.

[figure_pair pending]

Figure 1 daga takardar tana nuna numerical example na Bonnet-pair tori. Panels biyu ba views biyu na torus
ɗaya ba ne: tori biyu ne daban a pair ɗin. Grey mesh lines suna taimakawa wajen bin corresponding surface
coordinates, yayin da coloured curves ke nuna corresponding curvature-line loops. Abin da hoton ke nuna shi
ne global mismatch: manyan bubbles suna a wurare daban a fili, duk da cewa theorem ɗin ya ce tori biyu suna
da intrinsic metric da mean curvature iri ɗaya a corresponding points.

Me ya sa wannan ba contradiction ba ne

Sakamakon ba ya cewa geometry arbitrary ce, ko measurements ba su da amfani.

Yana cewa wani reduced bayanai set — metric tare da mean curvature — ba koyaushe ya isa a gane compact
surface ɗaya tak a uniquely ba. Full classical uniqueness theorem yana amfani da bayanin bending mafi arziki.
Mean curvature matsakaici ne kawai na principal curvatures biyu. Yana faɗa maka yawan lanƙwasawar surface a
matsakaici a wani point, amma ba ya riƙe duk directional bending information.

Wannan bambanci shi ne ainihin batu. Surfaces biyu za su iya yin daidai a nisan cikin surface damatsakaici bending
a kowane corresponding point, amma su bambanta a yadda aka tsara bending ɗin a sarari.

Takardar kuma ba ta cewa wannan ambiguity abu ne na yau da kullum. Introduction ɗin tana taka-tsantsan: a
generic case, metric da mean curvature suna ƙayyade surface. Bonnet pairs exceptions ne. Darajarsu ita ce sun
nuna exception ɗin yana wanzuwa a compact, smooth, analytic setting da aka daɗe ba a warware ba.
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Tsoffin tambayoyin da sakamakon ya rufe

Tambaya ta farko da aka rufe ita ce Global Bonnet Problem: shin akwai non-congruent compact smooth immer-
sions biyu a three-dimensional Euclidean space da isometry ke haɗa su, suna kuma da mean curvature iri ɗaya a
corresponding points? Amsar marubutan ita ce eh.

Ta biyu ita ce Cohn–Vossen–Berger problem: shin akwai isometric compact analytic surfaces biyu a Euclidean
three-space waɗanda ambient isometry ba ta haɗa su ba? Har ila yau, amsar eh ce, ta amfani da analytic tori da
construction ɗin ya samar.

Analytic part ɗin yana da muhimmanci. Tsoffin non-uniqueness examples na compact surfaces na iya dogaro da
lower regularity ko local alterations. Waɗannan tori ba smooth object ba ne kawai da aka sauya bump a wani
patch. Takardar tana jaddada cewa corresponding neighbourhoods ba su locally congruent ko’ina: bambancin ya
bazu cikin construction, ba a ɓoye shi a seam na gyara ba.

Me ya sa wannan yake da muhimmanci

Wannan pure mathematics ne, amma intuition ɗin ya fi faɗi. Shape na iya zama kamar an ƙayyade shi fiye da kima
ta wata hanya, amma har yanzu ba a gane shi uniquely ta wata hanya ba. Abin da ke da muhimmanci ba yawan
bayanai kawai ba ne, sai ko bayanan na ɗauke da irin bayanin da ya dace.

Metric tare da mean curvature suna jin ƙarfi saboda suna haɗa internal distances da extrinsic bending measure.
Compact Bonnet pair ya nuna gibin: matsakaici bending ba full bending ba ne. Local agreement ba koyaushe yake
nufin global identification ba. Analytic regularity ma ba garanti ne na uniqueness ba.

Wannan darasi yana wuce wannan theorem. A geometry, inverse problems suna yawan tambaya ko wani set na
measurements yana uniquely ƙayyade object ɗin da ya samar da su. Wannan takarda ta ba da sabuwar amsa mai
kaifi ga wata classical surface problem: ba koyaushe ba, ko da object ɗin compact ne, smooth kuma analytic.

Taƙaitaccen bayani

Bobenko, Hoffmann da Sageman-Furnas sun gina compact Bonnet pairs na farko: smooth tori biyu marasa congru-
ence a R3 waɗanda isometry ke haɗa su kuma suna da mean curvature iri ɗaya a corresponding points. Examples
ɗinsu real analytic ne kuma a generic case babu ambient isometry da ke haɗa su, wanda ya warware Global Bonnet
Problem da Cohn–Vossen–Berger analytic uniqueness question kamar yadda takardar ta bayyana. Sakamakon bai
rushe classical surface theory ba; yana nuna cewa reduced bayanai na metric tare da mean curvature ba koyaushe
ya isa a gane compact surface uniquely ba.
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Bincike ba tare da ƙawatawa ba

Abin da takardar ta nuna: Compact smooth Bonnet pairs suna wanzuwa. Musamman, marubutan sun gina tori
a R3 da metric da mean-curvature function iri ɗaya a corresponding points, amma ba congruent ba.

Abin da yake mai yiwuwa amma ba shi ne babban batu ba: Computational da discrete-geometric exploration
na iya jagorantar difficult smooth constructions. Takardar ta ce wannan hanyar ta taimaka, amma sakamakon yana
tsayawa ne a kan proof, ba numerical picture ba.

Abin da ba ta nuna ba: Ba duk ko mafi yawan surfaces ne ambiguous ba. Generic uniqueness statement yana
nan a background. Waɗannan exceptional counterexamples ne, amma decisive.

Babban iyaka ga mai karatu na gama-gari: Proof ɗin technical ne sosai kuma yana cikin differential geometry:
isothermic surfaces, Bonnet-pair classifications, period conditions da analytic construction. Ana iya fahimtar
ma’anar theorem ba tare da bin duk machinery ba.

Yaya yawan amincewa ya dace? Babba ga theorem statement a matsayin peer-reviewed mathematical sakamako.
Taka-tsantsan ya fi zama wajen fassara: karanta shi a matsayin “wannan reduced geometric bayanai ba koyaushe
yake ƙayyade shape ba,” ba “geometry ba za ta iya gane shapes ba.”
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