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Tor1 méji 1€ ni geometry local kan néa, sibe won le j€
awon apere to yato

Construction kan ninii Publications mathematiques de U'IHES fiinni ni compact Bonnet pairs akokg: tori
smooth, real-analytic méji nini aye oniwon méta ti won ni intrinsic metric kan nda ati mean curvature kan
nda ni awon oju té bd ara won mu, sibé won ko jé surface kan nda titi dé rigid motion. Abajade nda pa
awon uniqueness questions atijo ninii surface geometry, o si jé counterexample to muna si éro té rorun ldti
gba pé local measurements té po gbodo dd compact shape kan mo.
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Apere ti ko 1€ j€ ki a da a mo nipas¢ awon iwon wonyi

Foju ind wo pé o fé won oja-il¢ kan 141 jé ki o jade kiiro 1611 r¢. O 1e won awon ijinna 16ri 0jd-il¢ nda: bi ojd kan
se jinna si omii ti o ba i rin 1611 ojt-ile funra r¢. Eyi ni metric oju-il¢ nda. Ni bayii, fi iwon mii kin un lati “ita”:

ni gbogbo 0ju, se akosil¢ igoke-goke apap oju-il¢ nda, iyen mean curvature re.

O da bi eni pé isoftinni pipo ni. Fin 0po oji-ile, 6 té. Ti o b4 mo awon 1jinna ind ojd-ile ati is¢ mean curvature

re, o e reti pé apere re nind aye oniwon méta y6o daju.

Alexander Bobenko, Tim Hoffmann ati Andrew Sageman-Furnas ti k¢ awon oji-il¢ compact ti 6 tako ireti yen.
Ninud iwé iwddii won, wén fi tori méji han — ojd-il¢ bi donut, b6 tile jé pé ki 1 se donut yika lasan — ti won jé
isometric ti won si ni mean curvature kan naa ni awon oju té b4 ara won mu, sugbon ti won ko congruent. O ko
1¢ yi okan k4, gbe e lo tabi fi awordn digi r¢ se e ki 6 di ekeji. Wén jé immersion méji té yatd gidi nind aye.

N

Ni ede ¢ka yii, won jé compact Bonnet pairs. iwé iwddii nda so pé won ni apeere akoko ird bée.

K1 ni1 isoro naa?

Imo ojt-ile classical mda 1 ya isoftinni si orisi méji.

Metric 11 so fin wa awon ijinna ti a won l6ri ojd-ile. A 1¢ yi béba pelebe kan di cylinder 14i yi metric ind r¢
pada: kokoro kékeré kan t6 1 rin 1611 béba nda ko ni mo pé a ti yi i kd bi 6 b4 A won 1jinna nikan. Full second
fundamental form 1i so ohun puip¢ si i nipa bi oji-il¢ se 11 t¢ nind aye. Bonnet theorem classical so pé, ti a ba ni

metric ati gbogbo isoftinni te-bi-te té si telé awon equation ibdmu té ye, immersion nda déju titi dé rigid motion.

Stugbdn ni 1867, Pierre Ossian Bonnet béere ibéere té muna si i. Ki 16 selé ti a bd din isoftnni tg-bi-t¢ kit? Niwon
bi metric ti i pinnu Gaussian curvature 1ti ind oji-il¢ funra r¢, sé€ a Ie da oji-ile¢ kan mo peld metric ati isé mean

curvature nikan?

Ni gbogbogb00, iddhun ni bé¢ ni. Oro “ni gbogbogb00™ se pataki. Geometry mda fi ni awon Qran ara: awon oji-ile
pataki ti ilana uniqueness t6 wopo ko sisé. Ibéere ti 6 si sile ni béya apeere compact, smooth 1é wa nibi ti metric

ati mean curvature fi b4 ara won mu sugbdn ti awon 0jd-ile¢ nda ko jé ohun kan nda nind aye.

Eyi ni Global Bonnet isoro. iwé iwadif tuntun yii d4 a 16hin peld tori.

Ohun ti awon olukowé ko

Awon olukowé ko tokotaya tori smooth kan nind R3 ti isometry té 1i pa mean curvature m¢ so po. [tumo r¢ ni pé

awon oju t6 ba ara won mu ni awon ijinna ind 0jd-il¢ kan n4a ati iye mean curvature kan nda, sugbdn awon ojui-ile
méjeeji ko congruent.

Kiké nda ju asiri numerical kan lo. Tori nda jé gidi analytic — 6 ni itélorun bi geometry power series, ki 1 se

nkan ti a fo pd mdra 14ti awon apa rough — awon olukowé si fi proof han pé ni gbogbogbdo awon apeere won
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ko ni ambient isometry kankan ti 6 so won po. Wén tin so pé construction nda finni ni uncountably many pairs,

nitori pé 6 ni functional parameter.

Ona proof jé technical. Olo ibasep0 ldadrin Bonnet pairs ati isothermic oju, ¢ka o0ji-il¢ kan ti 6 ni curvature-
line coordinates pataki. Awon apeere nda bere lati isothermic tori ti idilé kan ti curvature lines & wa 161i plane,
1¢yin nda woén lo construction kan t6 i d4 Bonnet pair sil¢. Awon olukowé so pé ona nda dagba lati computational
idanwo peld 5x7 quad decomposition ti torus, nibi ti discrete differential geometry ti sisé gégé bi itdsdna si abajade
smooth.

Abajade ti a I¢ 11 rorun 14ti 16ye ju proof lo. Tori méji t6 wa nind iwé iwadii ni isofinni geometric t6 bd ara r¢ mu
stugbon itoléseese agbdyé won yato ni kedere: nint Figure 1 awon olukowé, awon “bubbles” 1ila té bd ara won mu
stin méra ju 16ri torus kan lo. Tyato yii ki i se étan aworan. Theorem naa so pé oji-ile méjeeji ko jé apere kan nda
nind aye, bo tile jé pé awon data agbegbe ti a yan b ara won mu.

[figure_pair pending]

Figure 1 niny iwé iwadii fi numerical example ti Bonnet-pair tori han gégé bi aworan méji ti a so pd. Awon panel
méji naa ki i se irisi méji ti torus kan: won jé tori méji to yato ninu pair naa. Grey mesh lines n ran oju 6w lati
topa oju coordinates t6 ba ara won mu, awon coloured curves si i samisi curvature-line loops té ba ara won mu.
Koko aworan ni mismatch agbayé: awon bubble nla wa ni ipd té yato ni gbangba, bi theorem tilé so pé tori
meéjeeji ni intrinsic metric kan naa ati mean curvature kan naa ni awon oju té ba ara won mu.

Ki nidi ti eyi ki 1 se contradiction?

Abajade nda ko so pé geometry j¢é aldilana, tabi pé iwon ko wilo.

O so pé data set kan ti a din ki — metric p¢ld mean curvature — ko t6 ni gbogbo igba lati dd compact oji kan mo
ni Ona té yato si gbogbo omii. Classical uniqueness theorem t6 pé lo isoftinni te-bi-t¢ té po si i. Mean curvature jé
apapo principal curvatures méji nikan. O so iye ti ojd-il¢ A t¢ ni apapo ni oji kan, sigbdn ko pa gbogbo isoftinni
nipa itgsdna ti te-bi-t¢ 1 gba mo.

Iyatd yen ni kdké gbogbo. Oji-ile¢ méji I¢ ba ara won mu 16ri awon ijinna ind oji-il¢ ati 16ri te-bi-t¢ apapd ni
gbogbo 0ju t6 b4 ara won mu, suigbén won le yato ni bi te-bi-t¢ nda se seto nind aye.

iwé iwddii nda ko tin so pé ambiguity yii wopo. Introduction r¢ séra: ni gbogbogbo0, metric peld mean curvature

mada i pinnu oju-ile. Bonnet pairs jé exceptional. Itéye won gan-an ni pé wén fi han pé exception nda wa nind

compact, smooth, analytic setting ti a ko tii yanju ri.

Awon ibéere atijo ti 6 pari

Ibéere akdko ni Global Bonnet isoro: sé compact smooth immersions méji 1& wa nint three-dimensional Euclidean
space, ti won ko congruent, sugbdn ti isometry kan so won po ti won si ni mean curvature kan nda ni awon oji té
b4 ara won mu? Awon olukowé ddhtin pé bée ni.
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Ekeji ni Cohn-Vossen-Berger isoro: sé compact analytic oji méji té isometric ¢ wa nind Euclidean three-space ti
ambient isometry kankan ko so p0? Lé¢kan si i, iddhtuin ni bé¢ ni, peld analytic tori ti construction kan nda funni.

Api analytic se pataki. Awon apeere non-uniqueness atijé fiin compact oji 1& gbéra 1é regularity t6 kéré tabi
agbegbe alterations. Tori wonyi ki 1 se smooth object kan ti a kan ropd bump ni patch kan. iwé iwadii nda tenumé
pé corresponding neighbourhoods ko congruent locally ni ibikibi: iyatd nda tan kdakiri construction néa, ko fara

pamg si seam itinse kan.

Ki nidi ti 6 fi se pataki?

Pure mathematics ni &yi, sugbdn intuition r¢ gbooro. Apere kan l¢ da bi eni pé data r¢ po ju td, sibe a ko tii ni
data té t6 lati dd a mo. Ohun t6 se pataki ki i se iye data ti o ni, bi ko se boya data naa ni ird isofinni té ye.

Metric peld mean curvature da bi ddta t6 1dgbdra nitori pé 6 darapd awon ijinna ind 0jd-ilé m¢ iwdn te-bi-te 14ti ita.
Compact Bonnet pair fi alafo nda han: t¢-bi-t¢ apapo ki i se gbogbo te-bi-te. Ibdmu agbegbe ko timo si iddnimo
global ni gbogbo igba. Analytic regularity ki i se idan ti y60 fi uniqueness d4ju.

Ek¢ yii tin wiilo ju theorem yii lo. Nint geometry, inverse isoro siba mda i béere boya egbé kan ti measurements
I¢ pinnu ohun t6 d4 won sile. iwé twadii yii finni ni iddhun tuntun té muna fin classical ojd isoro kan: ki 1 se ni

gbogbo igba, padpad ti ohun nda ba compact, smooth, ti 6 si analytic.

Akétan kedere

Bobenko, Hoffmann ati Sageman-Furnas k¢ compact Bonnet pairs ak¢ko: tori smooth méji nind R3 ti ko congru-
ent, ti isometry kan so p9, ti wén si ni metric kan nda ati mean curvature function kan nda ni awon oju té ba ara
won mu. Awon apeere won jé gidi analytic, ati ni gbogbogbdd ambient isometry kankan ko so won pd; &yi yanju
Global Bonnet isoro ati Cohn-Vossen-Berger analytic uniqueness ibéere bi iwé iwdadii se so. Abajade nda ko doji
classical oji aba-¢k¢ dé; 6 kan fi han pé data ti a din ku si metric peli mean curvature ko t6 ni gbogbo igba lati da

compact 0jd kan mo uniquely.

Ayews l4isi asejil

Ohun ti iwé iwadii fi han: Compact smooth Bonnet pairs wa. Ni patd, awon olukowé ko tori nint R3 ti won ni
metric ati mean-curvature function kan nda ni awon ojud t6 b4 ara won mu, sugb¢n ti won ko congruent.

Nz

Ohun t6 seé se sughon ti ki i se koko: Computational ati discrete-geometric exploration 1& t¢ awon smooth
constructions t6 nira séna. iwé iwadii so pé ona yii se pataki, sugbdn proof ni abajade gbara I€, ki 1 se numerical

picture.

Ohun ti ko fi han: P¢é gbogbo tabi Opo ju lo awon oji ni ambiguity. Generic uniqueness statement si jé apa abéle.

Awon yii jé exceptional suigbdn decisive counterexamples.
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Awon aala pataki fiin olika gbogboogbo: Proof naa technical gan-an, 6 si wa nind differential geometry: isother-
mic oju, Bonnet-pair classifications, period conditions ati analytic construction. Oluka 1¢ 16ye itum¢ theorem lai

telé gbogbo machinery naa.

Igbékelé wo ni olitka gbogboogbo ye ki 6 ni? Giga fin theorem statement gégé bi peer-reviewed mathematical
&si. Is6ra té ye jé 16ri interpretation, ki i se &ri: ka a bi “data geometric ti a din ki1 yii ko pinnu apere ni gbogbo

igba,” ki 1 se “geometry ko l¢ d4 apere mo.”
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